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i — i 0. Introduction. 

o 

Inspired by works on the Kahler-Ricci flow [TZ], [ST1] and on regularity of com- 
plex Monge- Ampere equations [Kl], the second named author made the following 
conjecture: Let 7r : X — * Y be a holomorphic mapping between compact Kahler 
manifolds with dimX = n > m = dimY. Let u>x be a Kahler metric on X and wy 
be a Kahler metric on Y. Suppose that F G L°°(M) 1 and ut € PSH{uJt) (which 
means that the current ivt + dd c ut is weakly positive) be a solution of 

> 

(0.1) (u t + dd c u t ) n = c t t n m Fu x , maxttt = 0, 

> x 
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where u = tx*ujy 1 t G (0, 1), and Ct is defined by 



t n ~ m f x Fu x ' 

Then ut are uniformly bounded. Note that w is a weakly positive (1,1) form on X 
and u t = oo + tu>x are Kahler forms for any t > 0. The main purpose of this note 
is to affirm this conjecture under certain technical conditions on the singular set of 
7r. We do not know if these conditions are satisfied for any holomorphic fibration 
as above. However, we will check that these conditions are indeed true for many 
holomorphic fibarions. 

Now let us state our conditions. Assume that for an analytic sets S G X and A C 
Y the form ui is non degenerate away from S C 7r _1 (A). Consider the stratification 
of A, into Ai,A%, ...,.Ajvi so that A is the set of regular points of A, A\ is the 
regular part of A \ A Q and so on. Analogously we stratify S into Si, S%, Sn 2 . Let 
9q,j,k be a fixed local system of generators of the ideal sheaf of A q in coordinate 
patch Vj and let 9j be smooth functions on Y such that supp9j C Vj, < 6j < 1 
and the interiors V- of {9j = 1} cover Y. In the same way we define local generators 
h q j } k for S q in Uj C X and smooth functions Q which are equal to 1 on UL 
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1 It may be sufficient to assume that F £ L P (M) for some p > 1. 



Assume that for some a G (0, 1), c > and any fixed c G (0, c ) we have 



**[\"Y + ica 2 \9 q ,jo,k\ 2ia 1)d 9 q , jo ,k A dg qd0jk ] m 

q,k 

( °- 2) A [\u x + tea 2 \Kn,k\ 2{a - 1] dh q , Juk A dh qJl , k ] n - m 

q,k 

on the set fl 7i" _1 (Y/ ) H .S 6 , where 5 ,<E = {maxj^ Cj'l^ij,fc| < e } 5 with some 
function i7 satisfying lim e ^o H(e) = oo. 

Note that a bit more explicit inequality (on the same sets, with the same a, Co, H 
as in (0.2)): 

(0-3) A £ l^i,*! 2 ^ 11 ^,* A^,* + A wr"- 1 

c/,fc 

entails (0.2). 

The following theorem confirms the above conjecture under the assumption (0.2). 

Theorem 1. Suppose that F G L°°(M) and the fibration it : X i— > F satisfies 
(0.2), t/iera t/ie solutions ut of (0.1) are uniformly bounded. 

For its application, we consider the expanding Kahler-Ricci flow on X 

(0.4) = -Ric^t, •)) - u;(*, •), w(0, •) = c^o- 

Let 7T : X i— > y be a holomorphic fibration such that ci(X) = 7r*wy. It follows 
that smooth fibers of n are smooth Calabi-Yau manifolds. Let Yq be the dense- 
open subset of Y over which fibers of n are smooth, then there is an induced 
holomorphic map / from Yq into a moduli space of Calabi-Yau manifolds. This 
map assigns each y G Yq to the Calabi-Yau manifold n~ l (y). By [TZ], for any 
cuo, then (0.4) has a global solution u(t, ■). Moreover, there is a smooth family of 
functions (p(t, •) satisfying 

u;(t, •) = e"*cu + (1 - e _t )7r*cuy + idd(p(t, •)• 

It was expected (cf. [ST2]) that u(t, •) converges to a generalized Kahler-Einstein 
metric on Y in a suitable sense as t tends to oo. Combining estimates in [ST1] and 
the above theorem, we have 
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Theorem 2. Suppose that the fibration 7r : X i— > Y has no multiple fibers and 
satisfies (0.2), then there is a positive current on Y with properties: 

1. to 'oo = coy + iddifoo for some bounded function ifoo on Y ; 

2. (foo is smooth on Y ; 

3. <p(t, •) converges to 7r*Poo in C 1 ' 1 -topology on any compact subsets contained 
in 7r _1 (lo); 

4- On Yq, uj oo satisfies the equation for generalized Kahler- Einstein metrics 

Ric {Uoo) = -Uoo + f*U) WP , 

where uiw p denotes the Weil-Petersson metric on the moduli of Calabi- Yau man- 
ifolds. 

This theorem can be proved by those estimates developed in [ST1] without using 
Theorem 1 if the base is 1-dimensional or X is of dimension 2. The rest of this note 
is organized as follows: In Section two, we give a proof of Theorem 1. In Section 
three, we prove Theorem 2 using Theorem 1 and results in [SZ1] and [SZ2]. In last 
section, we verify the assumptions (0.2) for certain holomorphic fibrations, including 
any fibration with 1-dimensional base and generic 3-folds with 2-dimensional base 
and tori as fibers. 
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1. Proof of Theorem 1. 

Proof. In what follows C denotes different positive constants independent 

of t. Note that 



n 



t-»o \m J f x Fuj 



limc f = I ■' 1 ^" _ X >0 



Lemma 1. For (Y,u>Y),9j,Vj as above there exists c\ > such that for all c G 
(0, c\), a G (0, 1), and 

we have 

(1.1) dd c q^ a > -Jwy + ca 2 z \g g ,j,k\ 2{a ~ 1)d 9q,j,k A d^.fc 



on £/ie se£ K'. 



Proof. By computation (comp. [DP, Lemma 2.1]) 



9 ■ 9 ■ 

+ 1 Yl \9q,j,k\ 2a ( 2 90j + a —?-dg q ,3, k ) A {286 j + a—^-dg q ,j, k ). 

9q,j,k 9q,j,k 



q,j,k 

Since 9j are smooth the first sum exceeds -^uy (in the sense of currents) for c 
small enough. All terms in the second sum are positive. On V- we have 9j = 1, the 
form 89 j vanishes, and thus we obtain (1.1). 

We apply Lemma 1 also on X for 

and fix c > so that (1.1) holds for ip a and the corresponding inequality on X is 
true for ip a . Define 

(1.2) (fit = cip a on + ctijj a . 
By (1.1) 

(1.3) <p t G PSH(±u t ). 

By the Calabi-Yau theorem [Y] and its non smooth version [Kl] it is no loss of 
generality to assume that F and ut are smooth (provided that a priori estimates 
do not depend on derivatives of ut and F) . We treat two cases separately: 
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CASE 1. There exist e > and 5 > such that for any t G (0, 1) and any 

s G (0,-St) 

/ > 6 [ w^, 

JU(t,a,2e) JU(t,s) 

where C/(t, s) = {u t < <p t + s t + s}, s t = inf(u t - <p t ), £/(*, s, e) = E/(t, s) \ S £ . 
We seek for a uniform bound on st- For s G (0, — st] define 



*t00 = 



s 



(§U(t,s) W l) 1,/n ' 

It is enough to find a bound for $t(s) since 

*t(-«t) = l«t|/[/ ^x] 1/n - 

First we show that 

(1.4) limsup$ t (s) < C. 
On the set X \ S e we have 

(1.5) C(eK" m Aw m >4. 

Hence if t n ~ m Fu)\ = f t uJ™ then f t < CF on this set. Since u t is smooth and ip t 
is smooth on X \ S e we have for ( 6 I \ S £ , where itt — cpt attains its minimum, 
D 2 (u t — <fit)(C) > an d so, having cp t in PSH(^ut), 

cuno > /*(ck(o = (w t + dd c « t ) n (o 

> 2 1 " ? W( Wt - p t ) A c^rHO > ^~ n dd c {u t - p t ) A ^"'(O- 

Therefore, interpreting this inequality in local coordinates diagonalizing u>t(() we 
get 

\D 2 {u t - Vt ){Q\<C. 

Now, in geodesic coordinates around £, consider (for s close to 0) the maximal 
ball B((,r(s)) contained in U(t,s) . By the estimate on D 2 {ut — <fit)(C) an d the 
Taylor expansion for z G dB((, r(s)) fl dU(t, s) 

s = u t {z) - <p t (z) -s t < C\z - C| 2 = Cr(s) 2 . 

So 

/ u x > f u%> Cr{s) 2n > Cs n 

JU(t,s) JB(C,r(s)) 

and &t(s) < C for s close to zero. 
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Having (1.4) it is enough to find a uniform bound for $t(a t ) = max$ t . For such 
a t we have 



(1.6) / u x < T [ u x . 

JU(t,a t ) JU(t,a t /2) 

Using Stokes' theorem we get 

/ (u t + dd c u t ) A {u t + ddVt)"- 1 

JU(t,a t ) 

< [ (u>t + dd c u t ) 2 A (u> t + dd c cp t ) n - 2 < ... 

JU{t,a t ) 

< [ (iv t + dd c u t ) n . 

JU(t,a t ) 

Integrating by parts, applying (1.3) and the above inequality one arrives at 



/ d(u t - (fit) A d c (u t - (fit) A w t n 1 

JU(t,at) 

s t + a t - u t + (p t )dd c (u t - ft) A cu™ -1 



J 


f 

'U(t,a t ) 




f 

U(t,a t ) 


<2 n a t 


( 

'U(t,a t ) 


< 2 n a t 


[ 

'U(t,a t ) 


=2 


n a t t n ~ 



n-l 



7 C ,„ \n—l 



{oj t + dd c ut) n 

c t Fu x . 



'U(t,a t ) 

From (1.5) it follows that for any (1,0) form 7 

z 7 A 7 A wf" 1 > Ct n ~ m i^ A 7 A 
on U(t, a t ,e). By this and the previous inequality one obtains 



t n ~ m [ d(u t - (ft) A d c (u t - (ft) A uY 1 

JU(t,a t ,e) 

<C d(u t - (ft) A d c (u t - (ft) A 

Ju(t,a t ,e) 

< C [ d(u t - (ft) A d c (u t - ft) A u?~ 1 < Ca t t n - m [ u x . 

JU(t.a t ) JU(t.at) 
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Thus, by the assumption of Case 1, 



(1.7) / d{u t -^ t )ryd c {u t -v t )^ n x - 1 < Ca t [ u\ < Ca t [ u x . 

JU(t,a t ,e) JU(t,a t ) JU(t,a t ,e) 

We cover X \ S 2e by a finite number of unit cubes (in local coordinates) Wj, j = 
1, 2, iVo such that Wj n S' e = 0. For one of them, say Wi, we have 

(1.8) / u x > (1/No) [ u x . 

JU(t,at/2,2e)nW 1 J U{t,a t /2,2e) 

Let (xi, x 2 , x 2n ) denote real coordinates in W\ = {x : \xj\ < 1}. Set Oi = 
Wx n U(t,a t ,e) = Wi n U(t,a t ), 2 = W\ n U(t,a t /2,2e) and let ttj denote the 
projection 

TTj(x) = (xi,...,Xj-i,Xj+i,...,X2n)- 

By an isoperimetric inequality from [LW] there is j (and we take j = 1) such that 

(1.9) V 2n - 1 (n 1 (n 2 )) > F 2n (0 2 ) — , 

where Vk denotes Euclidean volume in R fc . We shall prove our estimate in two 
subcases separately. 

Case 1A. For G = {y G 7n(0 2 ) : ^(v) H <90i 7^ 0} we have 

V 2n -l(G) < ^2n-l(7Tl(0 2 )). 

Observe that for y e 7ri(0 2 ) \ Gwe have tT] -1 ^) fl Wi C Oi. Therefore, by Fubini's 
theorem 

^2n-l(7Tl(0 2 )) <2V 2n (Q 1 ). 

Applying the assumption of Case 1, (1.6), (1.8), (1.9) and the last inequality one 
obtains 

2tj, 1 2?r 1 

V2n(^l)~ < CF 2n (0 2 )^ < Cy 2 n-l(7ri(fi 2 )) < C^n^l)- 

So V2n(Oi) > C which, via (1.6), gives a lower bound for j u( ^ uj x . Therefore 



/ (-«tVJ>c(| at |/2- H^iioo). 

JU(t,a,/2) 



'tf(t,a t /2) 

On the other hand, since max«t = there exists (by the standard Green function 
argument) a constant Cq such that 
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/ {-u t )u n x < Co 
Jx 

for all t G (0, 1). Combining the last two inequalities we obtain a uniform bound 
for | st | and further $t(at) < C. 

Case IB. Now 



(1.10) V 2 n-l(G) > ^2n-l(7Tl(0 2 )). 

Let us denote d(y) = Vi(G(y)), G(y) = {x\ G [—1,1] : (x\, y) G Hi}, and observe 
that for y G G the set G(y) x {y} contains an open interval in fii joining points 
from fi 2 and dQ±. Then the integral of I I over this interval exceeds a t /2. 

We use this fact and the Schwarz inequality to justify the fourth in the following 
chain of inequalities. The first one follows from (1.7), the third one from Fubini's 
theorem, the fifth from the Schwarz inequality, the sixth from (1.9), (1.10), the 
seventh from (1.6), (1.8) and the assumption of Case 1 , and the last one again 
from the assumption of Case 1. 



a t uj x >C d(u t - (ft) A d c (u t - <p t ) A u n x ] 

JU{t,a t ,e) JU(t,a t ,e)r\W 1 



c l fi^-^* 



>C [ [ \ d{U l- iPt) \ 2 dx 1 dy>Ca 2 t [ ^dy 
JgJg 



'G(y) 
t2 



dx x ' ~ J G d{ji) 



> Ca * Y V^TT > CatV^ 1 '"^) > Ca\{ [ u x ) 

V 2n\*h) JU(t,a t ,e) 



n \1— 1/n 



> Ga\{ [ c^) 1 - 1 /" 

JU(t,at) 



So 

^ = ft °Ln)l/n * ^ 

yJu(t,a t ) U x) 

which finishes the proof of Case 1. Note that the bound of $t does not depend 
on derivatives of u t and so the additional assumption that u t be smooth may be 
dropped. 

CASE 2. If the assumption of Case 1 is not satisfied then for any e > and 
S > there exist sequences t(j) — > and s(j) G (0, —s t ) (those sequences depend 
on e and 5 which is omitted in the notation) such that 
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(1.11) / u x <6[ u x . 

Ju(t(j),s(j),e) JU(t(j),s(j)) 

From now on we consider only t = t(j) and s = s(j) which occur in (1.11). 

By the assumption (0.2), (1.1) and (1.3) we have the following estimates of 
currents on the set U', nn~ l (V- () ) PI S e : 



(u t + dd c tp t ) n = [it* (dd c ci) a + uj y ) + t(dd c c^ a + u x )] n 
> t n - m [n*(dd c cij a + u Y )] m A (dd c c^ a + ux) n - m 



(1.12) 



q,k 

A [^ivx + ica 2 \KhA 2{a ~ 1)d Kh,k A Bh q , jljk ] 

q,k 

> Ct n - m H(e)uj x . 
Using this and the comparison principle [K2] one obtains 



/ u x > t n ~ m [ Fu n x = [ {u t + dd c u t ) n 

JU(t,s) JU(t,s) JU(t,s) 

> I (ut + dd c if t ) n > Ct n - m H(e) [ u x . 

Ju(t,s)ns^ Ju(t.s)ns* 



'[/(t,s)nS e Ju(t,s)nS 
Combine it with (1.11) to arrive at 

/ u x > {1-5)1 u x 

Ju(t,s)ns* Ju(t,s) 

>(l-5)CH(e) [ u x , 

Ju(t,s)ns* 

which contradicts the assumption lim e ^o H(e) = oo for small e. Thus Case 2 never 
occurs. 
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2. Proof of Theorem 2. 

We adopt notations in the introduction. First observe that 

u(t, •) = e"*cu + (1 - e"*)7r*cuy + idd(p(t, •)• 

Denote by u t the Kahler form e~*u;o + (l — e _t )"7r*u;y. Adding appropriate constants 
to <p(t, •), one can show 

^=log <p, ^(0,.) = 0, 

where O is a volume form on X determined by Ric (O) = — tv*ujy- Then there is 
a constant c such that 



m / \ 



e (n-m) ta; n = ^ ( ) (1 - e"* Ve^^Vc^ A utf - ' < 



Therefore, by the Maximum principle, we have ip < maxjlogc, 0}. Differentiating 
the above equation on t, we get 

d ( d^p\ d^p dip ^ t * 



dt v dt ) = At m ~ at + tr t(e " (7rW " Uo)) + ( n - m ^ 

Again by using the Maximum principle, one can show that ^ is uniformly bounded 
from above. 

Set s = e~*/(l — e _t ), we then have 

(su + n*uj Y + iddif;) 71 = s n - m Fu%, 

where ip = (1 — e _t ) _1 </? and 

Clearly, F is uniformly bounded, so we can apply Theorem 1 to conclude that ip is 
uniformly bounded, so does <p. 

The rest of the proof is exactly the same as that in [ST1] since all other estimates 
there are dimension free (also see [ST2]). This finishes the proof of Theorem 2. 
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3. Examples. 

In this section, we verify the assumptions (0.2) for two examples. We will adopt 
notations in the introduction. First we assume that tt : X i— > F is a holomorphic 
fibration with dim Y = 1, that is, all fibers are hypersurfaces in X. In this case, 
any point of Y has a neighborhood which can be identified with an open subset U 
in the complex plane and tt is given by a holomorphic function h. By (0.3), we only 
need to show for some a G (0, 1) 

\h - h(x)\^ a -^idh A Bh A uY 1 > H{e)u n x . 

in a small neighborhood of x, which may depend on e, where x is any fixed point 
in 7r _1 (£/") and H(e) was given in (0.2). By a result of Lojasiewicz [Lo], there are 
constants 9 G (0, 1/2) and <j\ such that for any £ with d(x, £) < ui, 



(3.i) |vfc|(0>IM0-M*)l • 

Now choose a < 6>, then (3.1) holds for /i. Therefore the assumptions in (0.2) hold 
for any 1-dimensional base. 

Before we discuss the second example we state a simple lemma regarding to the 
assumptions (0.2). 

Lemma 2. Let tt : X i— > Y be the product of a holomorphic fibration tt\ : X\ \— > Fi 
and a complex manifold U , that is, X = X\ x U , Y = Y\ x U and it = tt\ x /(ijy. 
7/ t/ie fibration tt\ : X\ \— > Y"i satisfies (0.2), i/ien so does 7r : X i— > F. 

It follows directly from (0.2) since it is non-degenerate along t/'-directions. 

Now we consider the second example. Let it : X i— > y be a generic fibration over 
a complex surface Y with elliptic curves as fibers. Let A be the set of y G Y such 
that 7r _1 (y) is a singular elliptic curve. Since the fibration is generic, A is a divisor 
in Y and each singular fiber has either a node or an ordinary cusp. 

Proposition 3. Such an elliptic fibration tt : X i— > Y over a surface satisfies (0.2). 

The rest of this section is devoted to the proof of this proposition. 

Set Aq to be the subset of A over which singular fibers have nodes and A\ to be 
the subset of those points y G A such that 7T~ 1 (y) has a cusp. Clearly, A\ consists 
of finitely many isolated points. As usual, let S be the set of singular points in the 
singular fibers of tt : X i— > Y. Then £0 = tt~ 1 (A ) and Si = tt~ 1 (Ai). By Lemma 
2, clearly, (0.2) holds for any point in So- So we only need to check (0.2) for any 

V € Si- 
Fix each such a p, we can find local coordinates x, y, z of X near p and local 
coordinates s, t of Y near tt(p) satisfying: tt(x, y, z) = (2, y 2 — x 3 + zx) = (s, t) G F. 
Furthermore, we may assume 

ux = i(dx A dx + dy A dy + dz A <iz) 
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and 



uy = i(ds A ds + dt A dt) . 

Then we have 

u = n*u Y = i(dz Adz + [(z - 3x 2 )dx + 2ydy] A [(z - 3x 2 )dx + 2ydy]) 

and 

u 2 = -2dz Adz A [(z - 3x 2 )dx + 2ydy] A [(z - 3x 2 )dx + 2ydy]. 

So 

u 2 Auj x = (-2i)(\z - 3x 2 \ 2 + 4\y\ 2 )dx Adx Ady Ady Adz A dz. 
The singular set is 

S = {y = 0} n {z = 3x 2 }. 
Since 7r(x, 0, 3x 2 ) = (3x 2 , 2x 3 ) the image of S lies in 

A = {As 3 = 27t 2 }. 

As the generator for A close to origin we take g(s, t) = 4s 3 — 27t 2 , and as generators 
for S we take 

h 1 (x,y,z) = y, h 2 (x,y,z)=z-3x 2 . 
Define, for positive a < 1/100 

7i =7r*(i\g\ a - 2 dgAdgAuj Y ) 

=tt*(36z|4s 3 - 27t 2 \ a - 2 (4\s\ 4 + 81\t\ 2 )ds A ds A dt A dt). 

and 

72 = i(|/n|°- 2 0fri A Bfn + \h 2 \ a ~ 2 dh 2 A Bh 2 ) + u x 

> i\y\ a ~ 2 dy Ady + i\z - 3x 2 \ a ~ 2 (dz - 6xdx) A (dz - 6xdx) + idx A dx. 

Wedging 71 and 72 we can forget about differentials in 72 containing dz or dz. Thus 
we seek for the lower bound for 71 A 73 , where 

73 = i\y\ a ~ 2 dy Ady + i(36\x\ 2 \z - 3x 2 \ a ~ 2 + l)dx A dx. 

We have 

7i A 73 > tt*[(z|4s 3 - 27t 2 | a_2 (4|s| 4 + 81|t| 2 )]^ A dz A 7i*[idt A dt\ A 73 
= 7r*[(i|4s 3 - 27t 2 \ a ~ 2 (4\s\ 4 + 81\t\ 2 )]dz A dz 
A i[(z — 3x 2 )dx + 2ydy] A \Jz - 3x 2 )dx + 2ydy] A 73 
> n*[(i\4s 3 - 27t 2 \ a - 2 (4\s\ 4 + 81\t\ 2 )] 

x [\z - 3x 2 \ 2 \y\ a - 2 + 4|y| 2 (36|x| 2 |^ - 3x 2 \ a ~ 2 + l)](l/6)<4 
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Let us denote 

f 1 (x,y,z) = 7T*(\4s 3 -27t 2 \), 
/ 2 (x,^)=7r*(4H 4 + 81|t| 2 ), 

and writing w = z — 3x 2 : 

f 3 (x, y, z) = \z- 3x 2 \ 2 \y\ a - 2 + 4|y| 2 (36|x| 2 |^ - 3x 2 \ a ~ 2 + 1) 
= M 2 M a - 2 + 4|y| 2 (36|x| 2 |«;| a - 2 + 1). 

To check the hypothesis of the theorem we need to show that 

lim/r 2 / 2 /3 = oo 

when {x,y,z) tends to the origin. Since 

/i < 100max(|s| 3 , |t| 2 ) 

we conclude that 

r— 4/3 — a £ 

To finish the verification we need to prove that / 1 _2 ^ 3+2a /3 is bounded away from 
zero. It is enough to check it for points satisfying f 3 < 1. So we assume that 

(3.2) \w\ 2 < \y\ 2 ~ a and so \w\ a - 2 > \y\~ 5/s . 

We have 

f x = \w 2 {Aw + §x 2 ) -27y 2 (4x 3 +2wx + y 2 )\. 

Hence 

/i < M := 500max(|w| 3 , \w 2 x 2 \, |yV|, \y\ 4 ). 

Accordingly consider four cases: 

1) M = bOO\w\ s (then \w 3 \ > \y 4 \). So 

500/ -2/3+2a /3 > |M;|6a _ 2|w|2 ^ |a _ 2 > | w |6a-l| y |a-2/3 ^ ^ 

2) M = 500|xw| 2 (then \w\ < \x 2 \). So (using \y 2 > |ty| 2+2a which follows from 
(3-2)) 

500/ -2/3+2a /3 > ^^-4/3^2^-2 > ^a-l/^a-S/G _ QO _ 

3) M = 500|xV | (then \y 2 \ < \x s \). So (see point 1)) 

500/ -2/3+2a /3 > \ y fa-4/3\ x \6a-2\ xy \2\ w \a-2 > | y |4a-4/3| y |2 + 4a| w |a-2 

>|y|- 1+8a -oo. 

4) M = 500|2/ 4 |. So (see (1)) 

500/ -2/ 3+2a/3 > | y |8a-8/3| y | 2 _ ^ 

Thus Proposition 3 is proved. 
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